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Let (X, d) be a complete metric space. If f maps X into itself and if for 
some 01, 0 < 01 < 1, f satisfies 
4 f(4Tf(YN G 4x, Y), xandyinx, (1) 
then Banach’s classic Contraction Mapping Principle states that f has a 
unique fixed point a in X which can be realized as the limit of the sequence of 
Picard iterates {f”(x)} for each x in X. This principle has found countless 
applications in analysis and among the most recent of these is the paper by 
Dotson [3], in which it is employed to insure the existence of fixed points 
for nonexpansive self mappings of starshaped subsets of Banach spaces 
(under appropriate conditions). A great deal of the existing work in Banach 
space fixed-point theory has been motivated by the Schauder fixed-point 
theorem. Thus the point of Dotson’s paper is that by imposing additional 
conditions on the mapping, he is able to relax somewhat the requirements of 
compactness and convexity. Related results have been obtained by a number 
of authors, including Belluce, Kirk, GGhde, and Browder, all of whom have 
made significant progress in relaxing compactness, while retaining convexity, 
and establishing fixed-point theorems for nonexpansive mappings (an 
exposition of the development of this theory, including extensive references, 
is contained in deFigueiredo [4]). 
The Tychonoff extension of Schauder’s theorem to locally convex linear 
topological spaces leads one to wonder what further analogous results can be 
obtained in this more general setting, and the purpose of our paper is to 
provide some partial answers to that question. In the first section we will 
establish contractive and nonexpansive conditions valid in an arbitrary 
uniform space (we should note that all topological spaces considered in this 
paper will be assumed, without exception, to be Hausdorff), and develop our 
basic lemma which extends Banach’s principle into this context. This result 
also generalizes (and indeed relies quite heavily on) the work of Knill [S]. In 
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the second section we will apply this basic lemma to locally convex linear 
topological spaces to obtain a fundamental theorem from which several 
conditions insuring the existence of fixed points for certain types of non- 
expansive mappings follow (including the results in [3]). Finally we will use 
the concepts introduced in Sections 1 and 2 to generalize some of the iteration 
methods developed in [I] and [2]. 
1. THE BASIC LEMMA 
Before stating the basic lemma, we will introduce our fundamental con- 
cepts. Notation and terminology in this section essentially follows Kelley 
[5, Chap. 61. 
DEFINITION 1.1. Let % be the uniformity (or family of entourages) of a 
uniform space (X, 4%) and let B be a basis for 9. Iff maps X into itself, then 
(a) f is a L?#-nonexpansion on X iff (x, y) E U implies (f(x), f( y)) E U for 
each U E@. 
(b) f is a ~-contraction on X iff for each U E g, there is a V E B such that 
(x, y) E U 0 V implies (f(x), f( y)) E U. 
(c) f’ is a syptt all m o ic y regular on X iff for each x E X and entourage U E 9, 
there is an integer n, such that 
(fn(x),f”+l(x)) e U for n > 120 .
Remark 1.2. If 9 is given by a metric d on X and 2 is the usual metric 
basis consisting of all sets 
u, = (lx, Y) : 4x, Y> < 4 o<c<cr, 
then (a) reduces to the familiar nonexpansive condition 
(aI) d( f(x), f( y)) < d(x, y) for all x and y in X. 
Similarly, (c) can be restated as 
(cl) d(f”(x),f”+l(x)) + 0 as n -+ co for each x E X. 
Condition (b) has no familiar metric analog, but it is clearly implied by the 
stronger metric condition 
(b,) For each E > 0, there is a 6 > 0 such that d(x, y) < E + 6 implies 
W(x), f(y)) < 6, 
which is equivalent to the concept of a weakly unz@rmly strict contraction 
introduced by Meir and Keeler [9]. Note also that any mapping which satis- 
fies Banach’s condition certainly also satisfies (b,) [indeed if 6 > 0 is given, 
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take S = (e - W)/OI where oi is given in (l)], so that (b) is a more general 
condition than that given in (1). 
LEMMA 1.3. Let (X, “2) be a complete uniform space. Assume 99 is a basis for 
~2 such that f  is an asymptotically regular SI-contraction on X. Then for each 
x E X, the sequence of iterates {f”(x)} converges to a jixed point off. 
Proof. Let x E X; we will show that {f n(x)} is a Cauchy sequence. Let 
W be an arbitrary symmetric entourage (these of course are cofinal in @) 
and pick U E % such that U C W. Also pick I’ E 9Y satisfying (b) with respect 
to U. Since f is asymptotically regular, by (c) we may choose n, such that 
(p-l(x), f”(x)) E V for n > n, . Fix n > n,, . Since W is symmetric, it clearly 
suffices to show that 
(f”(x),f”+k(x))EUCW forallK=0,1,2 ,.... (2) 
Since (2) holds trivially for K = 0 we may proceed by induction on K. Assume 
(2) is valid for some fixed K. Then we have (f”-l(x), f”(x) E V and 
(f”(x), f”+“(x)) E U so that 
(f”-l(x),f”+k(~)) E U 0 I/ implies ( f Yx), Pfk’W) E: u 
by (b), thus supporting our inductive assumption. Hence (f”(x)} is Cauchy 
and by completeness must converge. Let f”(x) + a, then since f is clearly 
continuous, fn+r(x) + f (a) and f (a) = a by the uniqueness of the limit. 
Although Lemma 1.3 is valid in arbitrary uniform spaces, it does not 
guarantee a unique fixed point (consider the identity mapping on a uni- 
formly discrete space where .!% consists only of the diagonal d in X x X). 
To insure uniqueness we introduce the following. 
DEFINITION 1.4. A uniform space (X, %) is well-chained provided for each 
entourage U E & and pair of points x and y in X, there is a positive integer n 
such that (x, y) E U”. 
It is easily seen that each connected uniform space, for example, is well 
chained; for if p and q are points which cannot be chained by an entourage U, 
then the set 
A = {x E X : (x, q) E Un for some n} 
is a proper nonempty subset which is both open and closed. 
LEMMA 1.5 (The Basic Lemma). Let (X, a’) be a complete well-chained 
uniform space. Assume @ is a basis for 4! such that f  is a ~-contraction on X. 
Then f  has a unique fixed point a E X such that f  “(x) -+ a for each x E X. 
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Proof. We will first establish that f is asymptotically regular. Let U E 9 
be arbitrary and pick V E 9 satisfying (b). Then the following holds trivially 
for n = 1: 
(X,Y)E uo V” implies (f”(z), f”( y)) E U. (3) 
Assume (3) is true for some fixed n, and let (x, y) E U 0 Vn+r. Since 
uo p+= = uo V”o V, there is a x E X such that (x, z) E V and 
(2, y) E u 0 P. Clearly (x, a) E V together with (b) insures that 
(fn(x), f “(a)) E V. And we have (f”(z), f”(y)) E U by our inductive assump- 
tion. Thus (f”(x), f”( y)) E U 0 V implies (fn+l(~),fn+l( y)) E U by (b), 
establishing our induction. Now fix XE X and choose n, such that 
(x, f (4) E V”, ( w ic h h is P ossible since X is well chained). Then if n > n, we 
have 
(x, f (x)) E vno c V” c u 0 V” 
so that (f”(x), f”+l(x)) E U and f is asymptotically regular. Thus by Lemma 
1.3 we know that {p(x)} converges to some fixed point a E X. Finally 
assume f(b) = b f or some b E X. Pick an n such that (a, b) E Vn. We now 
again invoke (3) (since Vn C U 0 Vn) to obtain 
LfY4~f”(~)) = (4 4 E u, 
where U E @ is arbitrary. We conclude a = b and the proof is complete. 
2. APPLICATIONS IN LINEAR TOPOLOGICAL SPACES 
Since the family 02 of zero neighborhoods for a linear topological space E 
induces a unique translation invariant uniformity on E (and hence on any 
subset of E) given by the collection of all sets of the form 
U”=((x,y):x--yEU} where UE&‘, (4) 
we can apply the concepts developed in the first section unambiguously to 
linear topological spaces {see Schaefer [lo, p. 161 for a detailed account of the 
relationship given in (4)). M oreover, it is clear that if U and V are in %‘, then 
x-ycU+ V iff (X,y)EU*O v* 
so that the Definitions 1.1 reduce to the following. 
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DEFINITION 2.1. Let % be the family of zero neighborhoods for a linear 
topological space E and let 93 be a basis for @. Iff maps a subset X of E into 
itself, then (for x and y in X) 
D 
for?ch* lkag: 
-nonexpansion on X iff x - y E U implies f(x) - f(y) fz U 
(b,) f isag- t t conrat ion on X iff for each U E 37, there is a V E g such that 
x--yEUfV implies f(x) -f(y) E U. 
(c.J f is asymptotically regular on X iff for each x E X and U E %!, there is 
an integer n, such that 
f”(x) - f”+l(x) E u for n >, 71a . 
[Equivalently, fn(x) - f  n+l(x) -+ 0 E E as n + co.] 
Note that 99 is a basis of zero neighborhoods here whereas in Definition 
1 .l, 9? was a basis of entourages. In view of (4), however, this fact should 
cause no confusion. 
Throughout the remainder of the paper, E will denote a locally convex 
linear topological space and 9? will be a basis of convex zero neighborhoods 
for E. Also recall that a subset X of E is starshaped provided there is a point 
p E X such that for each x E X, the line segment joining x to p is contained 
in X [i.e., there is a p E X such that tx + (1 - t) p E X for each x E X and 
real t with 0 < t < 11. Such a point p will be called a star center of X. Clearly, 
if X is convex, then every point in X is a star center of X. 
THEOREM 2.2. Let X be a complete bounded starshaped subset of E. If 
f  is a 93-nonexpansion on X, then 0 lies in the closure (I - f) (X)- of the 
image of X under the mapping I -f (i.e., there is a net (x=} in X such that 
x, - f  (xJ ---f 0 E E). 
Proof. Let p be a star center of X. For each t, 0 < t < 1, define 
ft(4 = tf (4 + (1 - t) P (x E X). (5) 
Since X is starshaped, each f t  clearly maps X into itself. Also for each fixed t, 
the family 
aft ={tU: UEB} 
forms a basis of zero neighborhoods, since ~3 does. We will now show that 
each f t  is a B’,-contraction. Fix t and note that tU + (1 - t) U = U for each 
U E 9, since the members of 3Y are convex. Let U E 39; since 9t is basis, there 
is a VE.SY~ such that VC(1 -t) U. Now let x-yytU+ V. Then 
x-yyEU+(l-r)U=U, 
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and 
ft(x) - ft(Y) = ?m + (1 - OP - ?f(Y) - (1 - 9P 
= UC4 - f(Y)) E tu, 
since f is a B-nonexpansion. Hence ft is a 8’,-contraction. Since X is complete 
and starshaped, it is complete and connected, so that the Basic Lemma applies 
to insure that each f t  has a unique fixed point xt in X. And from (5) we have 
(1 -f> (d = xt - f(xt) = xt - f  (fth) - (1 - t)p) 
= (1 - f ,  (xt -P), 
which clearly tends to 0 E E as t + 1, since X is bounded. 
Now if in addition the image (I - f) (X) is closed, then there is an x E X 
such that x - f(x) = 0, so x is a fixed point off. In particular, if X is com- 
pact, then the continuity of I - f  insures that (I - f) (X) is compact and 
therefore closed. Similarly if I - f  maps closed and bounded sets into closed 
sets, then since X is closed and bounded, we are again guaranteed that f  has 
a fixed point. Thus the following is clear: 
COROLLARY 2.3. Let f  be a s-nonexpansion on a bounded complete star- 
shaped subset X of E. Assume further that either 
(i) X is compact, or 
(ii) I -f p 1 ma s c osed and bounded sets into closed sets. 
Then f  has a Jixed point in X. 
Remark 2.4. Of course, X itself need not be compact provided there is a 
compact subset M of X such that 0 lies in the closure of (I - f) (M). Suf- 
ficient conditions to insure that this is so when E is a normed linear space are 
given in deFigueiredo [4] and Kirk [7], the latter also requiring that X be 
convex. 
DEFINITION 2.5. Let X be any subset of E and let g map X into E. Then 
(d) g is demiclosed iff the graph of g is a closed subset of X, x E, where 
X, denotes X with the induced weak topology [i.e., if - denotes weak con- 
vergence and --f denotes convergence with respect to the topology induced by 
the zero neighborhood basis &, then the conditions x, - x and g(xJ -+y 
together imply that g(x) = y, where {x~> is a net in XJ 
(e) g is weakly pseudocontinuous iff for each zero neighborhood U there is 
a zero neighborhood VC U such that the preimage 
g-y v-) = {x E x : g(x) E v-} 
is a weakly closed subset of X. 
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We should remark that condition (e) is motivated by the concept of weak 
lower semicontinuity of the real-valued function x ---f )I g(x)\1 , where E is a 
normed linear space. Since the latter is equivalent to the requirement that 
g-y u,-) = {x E x : // g(x)11 < c} is weakly closed for each E > 0, we see that 
each such function is weakly pseudocontinuous. 
COROLLARY 2.6. Let f be a B-nonexpansion on a weakly compact starshaped 
subset X of E. Assume further that either 
(i) I - f is demiclosed, or 
(ii) I - f is weakly pseudocontinuous. 
Then f has a fixed point in X. 
Proof. Since any weakly compact subset of a locally convex linear topo- 
logical space is both bounded and complete (see [6, pp. 159-160]), Theorem 
2.2 applies so that there is a net {x,} in X such that 
x, - f (x,) = (1 - f ) 6%) - 0. 
Since X is weakly compact, we may assume (by passing to a subnet if neces- 
sary) that x, - x for some x E X. Thus if I - f is demiclosed, we have 
x-f(x)=0 d an x is a fixed point. If, on the other hand, I -f is weakly 
pseudocontinuous, let U E g and pick a zero neighborhood V C U satis- 
fying (e). Then since {(I - f) (x~)} is residual in V-, we see that {xJ is 
residual in (I - f )-l (V-) which is weakly closed by hypothesis. Hence the 
weak limit x lies in (I - f  )-’ (V-), and 
(I--)(x)=x-f(x)fzV-CU- forallUE@. 
This insures that x - f(x) = 0, and x is a fixed point. 
Remark 2.7. Theorems 1 and 2 of [3] essentially establish Corollaries 
2.3(i) and 2.6( ), i w h ere E is a Banach space and the other hypotheses remain 
unchanged. Also the full force of either hypothesis (i) or (ii) in Corollary 2.6 
is not used. It suffices to require that x, - x and (I - f) (x3 -+ 0 together 
imply that x - f(x) = 0, where {x~) is a net in X. It is clear from the proof 
that either (i) or (ii) insures that this condition holds. 
3. SOME RESULTS ON ITERATION 
In this section we generalize Theorems 4.1-4.3 of [l] and Theorems 3 and 
6 of 121. We will see that in addition to reducing the Banach-space require- 
ment, we are able to weaken some of the other hypotheses, particularly in 
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regard to the algebraic structure of the domain and the requirements imposed 
on the mapping itself. 
Belluce and Kirk in [l] deal with convex mappings of a closed convex 
subset of a Banach space into the space itself [g is convex provided 
They show that if g is convex and continuous then the real-valued function 
x -+ 11 g(x)11 is weakly lower semicontinuous. Thus each such g is weakly 
pseudocontinuous, and the existence of a fixed point for a nonexpansive 
self mapping of a weakly compact convex subset where I - f is convex then 
follows immediately from Corollary 2.6(ii) (and this is the conclusion of 
Theorems 4.1 and 4.2 of [l]). 
THEOREM 3. I. Let f be an asymptotically regular self mapping of a weakly 
closed subset X of E. Assume that I - f is either demiclosed or weakly pseudo- 
continuous. Then for each x E X every weak cluster point of the sequence of 
iterates {f n(x)} is a fixed point off. I f  in addition X is weakly compact and f  
has at most one fixed point, then for each x E X, {f”(x)> converges weakly to 
the unique jxed point off. 
Proof. Let x E X and assume { fn(x)} clusters weakly at some point a E X. 
Then there is a subnet {yJ of {f”(x)} such that yor - a. But by asymptotic 
regularity (I- f) ( ya) -+ 0, since it is a subnet of {(I - f) (f”(x))>. Hence by 
Remark 2.7 we see that either demiclosedness or weak pseudocontinuity of 
I - f insures that a -f(a) = 0 and a is a fixed point off. Moreover, if X 
is weakly compact, then every subnet of (f n(x)} must cluster weakly at a fixed 
point off. Hence if f has at most one fixed point, it has a unique fixed point 
and {f n(x)} converges weakly to it. 
Remark 3.2. Note that X is not required to inherit any algebraic structure 
from E, nor is f  required to satisfy any nonexpansive condition. It is clear, 
though, that if.f is a nonexpansion on a reflexive Banach space (or any closed 
convex subset thereof) and f  has at least one fixed point, then each point x is 
contained in a weakly compact subset X which is invariant under f .  Thus 
Theorem 3 of [2] and Theorem 4.3 of [I] both follow from Theorem 3.1. 
THEOREM 3.3. Let f  be a continuous, asymptotically regular self mapping 
of a closed bounded subset X of E. Assume that I - f maps closed and bounded 
subsets of X into closed subsets of E. Then for each x E X the sequence of iterates 
{f”(x)) clusters (in the given topology induced by the zero neighborhood basis g) 
at a $xed point off and each such cluster point isJixed by f. If in addition f  is a 
22-nonexpansion then every sequence { fn(x)> converges to a fixed point off. 
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Proof. Let x E X and let A denote the closure (f”(x)}- taken in the 
.$-induced topology. By asymptotic regularity, 0 lies in the closure of the 
image (I - f) (A). Since A is clearly closed and bounded, (I - f) (A) is 
closed by hypothesis. Thus there is a point a E A such that a - f(a) = 0. 
And by the definition of A = {f”(x)>-, it is clear that {f”(x)} clusters at a. 
Now if b is any cluster point of {f%(x)}, then by continuity {(I -f) (f”(x))} 
clusters at (I - f) (b). Thus by asymptotic regularity (I -f) (b) = 0 and 6 
is a fixed point off. Finally if f  is a .%nonexpansion, then we already know 
that {f”(x)} clusters at a fixed point a E X. Thus for any U E %7, there is an n, 
such that PO(X) - a E U; and if n 3 n, then from (aa) we have 
f”(x) - f  =yu> = f”(X) - a E u, 
so f”(X) + a. 
Remark 3.4. Again no algebraic structure is required of X and the non- 
expansive condition on f is needed for only a portion of the conclusion. Also 
since the hypotheses of Theorem 6 in [2] insure that each x in the domain 
off is contained in an invariant closed bounded subset X, we see that that 
result follows from ours. 
It should be noted that the Basic Lemma also follows from a more general 
theory of contractive mappings [I l] based on some fundamental concepts in 
topological semigroups. Since we require only the one result from that theory, 
it was more convenient to prove the Basic Lemma directly. 
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